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Abst rac t - - In  this paper, some new oscillation criteria are obtained for the first-order delay dif- 
ference quation 
k k 
Xn+I-x,~+ (k+l )k+l  xn_k÷f(n,x,~_l~,...,xn_t~) =0,  n=0,1 ,2 , . . . ,  
where k,/1,/2,.. . ,  ls are positive integer numbers, f is a function. Our results improve the known 
results in the literature. And some examples are given to demonstrate he advantage of our results. 
@ 2004 Elsevier Ltd. AIl rights reserved. 
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1. INTRODUCTION 
The oscillatory behavior of difference equations has been studied by many authors. For some 
contributions in this area see the papers [1-9]. 
Consider the first-order delay difference quation 
kk 
xn+l -x~+ (k+l )k+l  xn_k+f (n ,x ,~_ l l , . . . , xn_ l~)=O,  n=0,1 ,2 , . . . ,  (1) 
where k, 11,12,..., ls are positive integer numbers,the function f satisfies the following conditions: 
(i) xi _> 0 for i = 1 ,2 , . . . , s  ~ f (n,  x l ,x2 , . . . , zs )  >_ 0 and 
z~ _~ 0 for i = 1,2, . . .  ,s ~ f (n,  x l ,x2 , . . . , xs )  < 0; 
(ii) f are nondecreasing as a function of zi, i = 1, 2 , . . . ,  s. 
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The special form of equation (1) is the equation 
( kk ) 
xn+l -- xn + (k + 1) k+l ÷ a,~ Zn-k = O, an >_ 0, n = 0, 1 , . . . ,  (2) 
By paper [1], we have the following. 
THEOREM A. / /  
lim inf an > O, 
n --+ 0¢) 
then every solution of (2) is oscillatory. 
In 2000, Tang and Yu [2] investigated the oscillatory behavior of (2) and obtained some good 
sufficient conditions under the critical condition 
lim inf an = O. (3) 
n- - -~00 
The main concern of this paper is to investigate the oscillation of equation (2) when the 
conditions in [2] are not hold. 
In Section 2, we establish an equivalence of the oscillation of (1) and the difference quation 
A2yn_l + kn+--------- U f n, \~--~--~] y~, . . . ,  \)--~--~] y~ = 0. n = 0, 1, 2 , . . . .  (4) 
In Section 3, we establish some new oscillation criteria for the second-order difference quation 
A2Xn_l + p,~x,~ = O, Pn >- O, n = O, 1, 2 , . . . .  (5) 
In Section 4, we make use of new oscillation criteria for (5) to establish the corresponding 
oscillation criteria for (2). 
2. EQUIVALENCE THEOREM 
THEOREM 1. Assume that f satisfies (i) and (ii). Then every solution of (1) is oscillatory if and 
if every solution of (4) is oscillatory. 
PROOF. If f (n ,  xbx2 , . . . , x~)  ---- O, x l ,x2 , . . . , xs  > 0 or x l ,x2 , . . . , xs  < 0 eventually, then 
both (1) and (4) have eventually positive solutions. Therefore, we consider the case when 
f (n,  x l ,x2 , . . . , xs )  ~ O, x l ,x2 , . . . , x~ > 0 and f (n,  x l ,x2 , . . . ,Xs )  ~ 0, x l ,x2 , . . . , xs  < 0 eventu- 
ally hold, let T = max{k, 11 . . . .  , l~}. 
SUFFICIENCE. Let {xn} be an eventually positive solution of (1). Then there exists an inte- 
ger no > 0 such that 
x~ > 0, for n > no. (6) 
Set vn = (k/ (k ÷ 1))-nx~ for n > no. Then, v~ > 0 for n ~ no. From (1), we have 
/x vn -~ v~ 
i=n- -k  / 
+ @ f ~, \~- - f ]  v~-zl, ' \ )T j~]  vn_~. = 0, 
(7) 
fo rn>n0+T.  Let 
n--1 1 
i=n-k  
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By using a similar method to the proof of [2, Theorem 1], there exists an integer N > no such 
that 
2 E ui, for n > N + r .  (9) Vn-k >_ k+f  
i=N 
Let Yn -=  (2/k + 1) ~N u~. Then, Ay~-i = (2/k + !) un and A2y~_l = (2/k + 1) Aun, it 
follows from (7)-(9) that 
A2yn_i + 2(k + l)n ( ( k ~ '~-h ( k ~ n-l" ) 
k~+i f n, \~- -17  Y~'" "  \~- -17  Y~ < 0, n > N +T.  
By Corollary I0 in [3], the corresponding equation (4) also has an eventually positive solution. 
NECESSITY. Let {y.~} be an eventually positive solution of (4). Then there exists an integer 
N > no such that 
y~>0,  Aye- i>0,  and A2y~_ i<0,  fo rn>N.  
Set u~ = Ay=-i for n > N. Then, u~ > 0 for n k N and 
y~ = ~ u~ + yN, n > N. (10) 
i=N 
Define a sequence {Vn} aS follows: 
and 
2 
vn -- YN, for N < n < N + T, 
k+l  
n-1  1 
i=n-k  
fo rn> N+T+l .  
(il) 
02) 
By using a similar method to the proof of [2, Theorem 1], we have 
2 n-h ) 2 
fo rn> N+T.  (1,'-I) 
From (4), (10)-(13), for n _> N ÷ 2", we obtain 
( 1 n-i ) 2 (_~_ll"+i 
a f 
f k+l ( k -~-h k+l ( k .~-l. ) 
(l t) 
Let x,~ = (k + 1)/2vn(k/(k + 1)) ~, it follows 
x~+l -- xn + (k + l)k+l x~_k + f(n,z~_l l , . . . ,x=_z,) < O, n >_ N + T. (t5) 
By using a similar method to the proof of [4, Theorem 1], it is easy to prove the corresponding 
equation (1) also has an eventually positive solution. The proof is complete. 
Let f(n, xn-z l , . . . ,  Xr~--l~) = a,,x~-k, we obtain the following. 
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COROLLARY 1. (See [2, Theorem 1].) Then every solution o£ (2) is oscillatory if and only if every 
solution of the equation 
2(k+ 1) k 
A2y~_i + kk+~ a~y~ = 0, n = 0, 1, . . . ,  (16) 
is oscillatory. 
COROLLARY 2. (See [2, Theorem 2].) If 
liminfn2an > 
kk+i 
8(k + I) k' 
(17) 
then every solution of (2) is oscillatory. 
COROLLARY 3. (See [2, Theorem 3].) If 
l iminfn k aN> 
i=n+l  
kk+l  
8(k+i?' (i8) 
then every solution of (2) is oscillatory. 
Let f(n, x~- l l , . . . ,  x~-zs) = q,~xn-t, qn > 0, we obtain the following. 
COROLLARY 4 .  I1 c 
kl+i 
lim inf n2q~ > 
n-~ 8(k + 1) t' 
then the equation 
(i9) 
k k 
xn+l - x~ + (k + 1) k+i xn-k + q~z~-i = O, n = O, 1, . . . ,  (20) 
is oscillatory. 
3. SOME NEW OSCILLATION RESULTS FOR (5) 
For the sake of convenience, we adopt the notation 
n 
n a-l ] ° = k Pk, fe rn>l ,  
k=l  
p.(a) = liminf un(a), p*(a) = limsupu,~(a), 
~-'-~OO /%---+ O~ 
q = liminf -1 k k2Pk" 
n--*oc 17 
k=l  
Q = lim sup -1 k k2pk' 
n ---~OO n 
k=l  
d = liminfn k kpk. 
n---+oo 
k=n+l  
LEMMA 1. Assume that a > 1. Then 
k=ni 
(/xk~) 2 < 
ka - -  
(~2 
a--1 
(21) 
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OF 
lim n ~-1 £ (Ak~) -  a2 
n---,~ k s a - 1 
k=nl 
(22) 
PROOF. By the mean value theorem, there exist (k e (k, k + 1), r/k 6 (k -- 1, k) such that 
(Aka) 2 a2~ 2s-2 a2(k + 1) 2°~-2 
_ k < 
k s ks - k s , 
(23) 
and 
Thus, by (23) and (24), we have 
A(k - 1) I-`~ _<~ 1 
1-a  --~k k ~-7" (24) 
O~ 2 (Aks) 2 < _  
k s - l -a  
k=nl 
A(H-  1)i-~(k + 1) 2~-2 
k :n  1 
~2 £ A(k-1) i -~  
= 1 -- - - -a ( -~- -1 )k~ (k + 1)2~-2((k - 1)k) 1-s 
A(k-1;-o 
-< ~ \#-:71 ((k - 1)k)~-s 
k:zl, 1 
-- 1 -a '  £ A(k -1 ) l - '~  A(k -1) l - s~ '~ 
((k - 1)k) '-~ + o £ - (7_ GT:-o) ).  
k=n 1 k=nl  
Hence, we have 
(~s)2  < ,~'~-~ + o (,~s- b . (25) 
k s - a -1  
k=nl  
Hence, (22) holds. The proof is complete. 
LEMMA 2. Assume that {x~} is a nonoscil iatory soIution of  (5) such that x~-z > 0 for n _> no. 
Let  w~ = Ax~- l /x~- l .  Then, 
~kWn Jr" Wn'Wn+l Jr-Pn ~ 0, n > no, 
'Wn k Wn+l, (n -- no)w,~ < 1, n >_ no, 
(26) 
(27) 
and 
Where  
d < r - r 2, q < R-  R 2. (28) 
r = lira inf nWn+ t, R = lim sup nwn+ 1. (29) 
PROOF. Since {x,~} is a nonoscillatory solution of (5) such that x~- i  > 0 for n _> no. By (5), we 
can easily show that 
Axn-1 _> 0, A2x~_l _< 0, for n > no. (30) 
In view of the definition of Wn, we obtain 
AW n - -  A2Xn~- i  (Axn-1)2, for n _> no. (31) 
Xn Xn--lXn 
1880 J. JIANO et al. 
Which, together with (5) and (31), yields 
Aw~ + WnWn+i + Pn <_ O, n > no. (32) 
Since w,  > 0 for n > no, it follows that 
w~ _> w,+l ,  n k no, (33) 
and 
~kWh 
Wn Wn + 1 
Summing (34) from no to n - 1, we have 
- -  < -1 ,  n > no. (34) 
(n - no)w~ < 1, n > no. (35) 
Which implies that 
By (29) and (35), we have 
Hence, 
lim w,~ 0 and lim 1 = - wk = 0. (36) rt --*oh n 
k=no 
0 < r < 1 and 0 <_ R_< 1. (37) 
r -  r 2 > 0 and R-  R 2 >_ 0. (38) 
We now prove that (28) holds. By (38), we may assume that p,(0) 7~ 0 and q 7~ 0. From (32) 
and (33), we easily find that for any nl > no 
fi f i  (k- 1)wkkwk+l nwn+l > n Pk + n ~'~" - 1)k ' n > nl, (39) 
k=n+l k=n+l 
and 
2 Aw~+w~+ l+p~<0,  n_>nl .  
Multiplying (40) by n 2, summing it from nl to n, we obtain 
(40) 
f i k2pk<- f ik2Awk - ~-~ k2W~+l 
k :n l  k=nl k=nl 
: --(•-}- 1)2Wn+l q-g2Wnl -}- i Wk+IA]~2-- f i  ]¢2W~+1 
k:72 1 k=n I 
: - - (n -~ 1)2Wn+1 "~-n2qJJnl-1- f i  Wk+ 1 ~- f i  ]~Wk+l(2 -- ]~Wk+l). 
It follows that 
nWn + l 
k=nl _1 f i  ]c2p k q- _1 
n n k=nl 
f i  kWk+l(2-- kWk+l) ,
k=nl 
n>nl .  (41) 
Since 
lim ~=F~ I = 0 and kwk+l(2 -- kwk+l) < 1. 
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By (39) and (41), we have 
r _> d and R _< 1 - q. 
It is easy to see that for any 0 < e < min{r, 1 - R} there exists n2 > nt such that 
r-e<nw,~+l<R+¢, n ~ pk>d-e, 
k=n+ 1
for n > n2 
and 
1 ~ k2pk >q- -e ,  
n 
k=nl  
Which, together with (39) and (41), yields 
for n > n2. 
nwn+l >d-e+(r -e )  2, 1( 
~Wn+l  < - -  ?%2Wn 2 42 Wk+l  - -  
n 
k=n2 
q + ~ + (R  + ~)(2 - R - ~), 
for ?% > ~2 
for n > n2. 
Which implies that 
r >_ d +r  2 and R _< -q  + R(2 -  R). 
Thus, (28) holds and the proof is complete. 
THEOREM 2. If 
1 
q = lirn inf ~ k2pk 
1 
- > - .  (42)  
n-*o¢ n 4 
k=l 
Then every solution of (5) is oscillatory. 
PROOF. If not, let {Xn} he a nonoseillatory solution of (5) such that x~_x > 0 for n > no. 
Let R = l imsup~_,~ nw~+l. By Lemma 2, we have 
1 q<_R-R2<_~. 
Which contradicts (42) and so the proof is complete. 
THEOREM 3. Let d <_ (1/4) and assume further that there exists a > 1 such that 
a 2 1 (1 _ lv/~-Z-~) (43) 
;*(~) > 4(~ - i~ 2 
Then every solution of (5) oscillates. 
PROOF. If not, let {x~} be a nonoscillatory solution of (5) such that x~- i  > 0 for n > n0. By 
Lemma 2, we have 
2 (44) Aw,~ + w~+l + pn <_ O , n >_ no, 
and 
Where 
(45) implies that 
o _> d - r + r% (45) 
Axn-  1 
wn - - -  and r = l iminfnw~+l.  
X n -- I n ---~ (x~ 
'( ) r_>m=~ 1- -~ . (46)  
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Multiplying (44) by n a, summing it from nl > no to n, we obtain 
It follows that 
n 
k=nt  k=n l  k=l 
= n lwn l  -- (n )aWn + Wk+lAk a - -  k wk+ 1 
k=nl  k=7~l 
1 ~ (~k~) 2 
= ?'~lWnl -- nC~wn A V 4 k s 
k=n 1 
_ 1 k_~/2Ak~) 2 
k=r~ 1 
1 ~ (Ak~) 2 
< ~lw~ - (~)~,w~ + ~ ks 
k=n 1 
w~ I nl_ ~ ~ (Ak~) 2 
n i -a  kC'pk < n lw~n i -~  - -  nwn+l  - -  + -~ ks  
k=n l  'UJn+ 1 k=ni 
By (46), (47), and Lemma 1, we have 
o, 1 
p*(a) < 4(a - 1~ 2 
Which contradicts (43). The proof is complete. 
COROLLARY 5. Assume that  
(47) 
1( ) d<~l add Q>~ 1 + ~  . (4S) 
Then every solution of (5) oscillates. 
4. APPL ICAT IONS 
In this section, we give some sufficient conditions of oscillation for (2) by applying Corollary 1 
and some new oscillation results for (5). 
By Corollary 1 and Theorem 2, we have the following. 
THEOREM 4. If 
1 
liminf -- ~ k2ak > 
k=l 
then every solution of (2) is oscillatory. 
By Theorem 3 and Corollary 1, we have the following. 
THEOREM 5. H" 
0<3 
l iminfn E ak_< 
~---+ oo  
k=nq-1 
and  
lim sup 1 E k2ak > i - 1 
n---~ cc  77, k~l  
Then every solution of (2) is oscillatory. 
kk+l 
8(k ÷ I) k' 
kk+l 
s(k+l) k' 
kk+l 
l im inf n 
n- -+~ E ak  • 
k=n+l  
(49) 
(50) 
(51) 
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REMARK 1. Since 
liminf -1 ~ k2ak >_ l iminf n2a,~, 
?%--+00 n n - -+~ 
k=l  
hence, Theorem 4 improves Theorem 2 in [2]. 
REMARK 2. By Corollary 4, the equation 
k k C 
x~+l - x~ + (k+l )k+i  x~-k+ ,l+n,----------gx~_l=0,~) n=0,  t , . . . ,  (52) 
is oscillatory if and if a < 2 and C > 0 or a = 2 and C > kz+l/8(k + 1) t. But for a > 0, Tang 
[5] is not applicable. 
EXAMPLE i. Consider the equation 
:I:n+ 1 - -  X n ÷ (]g + 1)k+ 1 + a~ x~-k = 0, n = 0 ,1 , . . . ,  (53) 
where 
an { 3kk+15-~ = 8(k+l )k ,  n=5% 
O, n ¢ 5 ~, 
For 5 '~' - 1 < n < 5 m+l - 1, m = 0 ,1 ,2 , . . . ,  we have 
m = O, 1 ,2 , . . . .  
l=n+l 
al = n E 3kk+15-1 
i=~+1 8(k + I) k 
3kk+ln 
32(k + 1) k × 5 m 
3kk+~ > 
a2(k + 1) k 
For n = 5 m - 1, m = 0, 1 ,2 , . . . ,  we have 
/=n+l  
3kk+15-i 
az=(5  m-1)  E 8 (k+l )  k 
l=m 
3kk+l(5m -- 1) 
32(k + 1) k × 5 ~-1 
( 3kk+l 15kk+l 
e \a2~7i? '  32(k + 1) k j  " 
It follows that 
3kk+l 
lim~i2fn E at -- 32(k+ 1) k < 
t=n+l  
k 15kk+l 
lim sup n az -- 32(k + 1) k' 
n ~  /=n+l  
kk+l 
s(k + 1)k' (54) 
(55) 
Similarly, we also have 
3kk+1 
- -  _ _  - -  liminf 1 z_~ k2al 32(k + I) k' (56) 
n--~c~ 72 /=1 
l imsup 1 Zk2a l _ 15k k+l 
- 32(k + 17  (57) n--~oz ?2 /=1 
From (54)-(57), it is easy to see that conditions in Theorem 5 are satisfied. Thus, every solution 
of (53) oscillates, but Theorems 2 and 3 in [2] are not applicable. 
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